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STAFF NOTES

INTRODUCTION

These support materials for Mathematics were developed as part of the Higher Still
Development Programme in response to needs identified at needs analysis meetings and
national seminars.

Advice on learning and teaching may be found in Achievement for All (SOEID 1996),
Effective Learning and Teaching in Mathematics (SOEID 1993) and in the Mathematics
Subject Guide.

This support package provides student material to cover the content of Mathematics 3 within the
Intermediate 2 course. The depth of treatment is therefore more than is required to demonstrate
competence in the unit assessment; that is, it goes beyond minimum grade C.

The content of Mathematics 3 (Int 2) is set out in the landscape pages of content in the
Arrangements document where the requirements of the unit Mathematics 3 (Int 2) are also
stated. Students are unlikely to have met much of the materials of this unit before -

Algebraic Operations, Quadratic Functions and non-Right Angled Triangle work.

The material is designed to be directed by the teacher/lecturer, who will decide on the ways
of introducing topics and in the use of exercises for consolidation and for formative
assessment. The use of a scientific calculator will be necessary for Part C but students
should be encouraged to set down all working and, where appropriate, use mental
calculations. The use of computers or graphics calculators is obviously highly desirable for
some of the graphical aspects in Parts B and C of the course.

An attempt has been made to have the ‘easy’ questions at the start of each exercise, leading
to more testing questions towards the end of the exercise. While students may tackle most
of the questions individually, there are opportunities for collaborative working. Staff may
wish to discuss points raised with individuals, groups and the whole class.

The specimen assessment questions at the end of the package are not intended to be only at
minimum grade C. The National Assessment Bank packages for Mathematics 3 (Int 2)
contain questions that meet the requirements of this unit.

This package gives opportunities to practise core skills. Information on the core skills
embedded in the unit, Mathematics 3 (Int 2) and in the Intermediate 2 course is given in the
final version of the Arrangements document. General advice and details of the Core Skills
Framework can be found in the Core Skills Manual (HSDU June 1998).

Brief notes of advice on the teaching of each topic are given.

The introductory notes for teachers/lecturers comprise pages 1-16 inclusive.
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Format of Student Material

» Exercises on Algebraic Operations
Checkup for Algebraic Operations

* Exercises on Quadratic Functions
Checkup for Quadratic Functions

» Exercises on Further Trigonometry
Checkup for Further Trigonometry

e Specimen Assessment Questions

e Answers for all exercises
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ALGEBRAIC OPERATIONS
A. Reducing algebraic fractions to their simplest form
Students should be shown the method for ‘cancelling down’ a vulgar fraction, then fractions

with letters can be introduced. * Before this exercise some revision of factorisation may be
necessary.

Example 1~ Simplify 35/49 Example2  Simplify 64/g,
Ans.  3549= 5/ Ans.  0djg, = 2/3
2 p?-pq
Example 3 Simplify %&L Example 4 Simplify p
XY
Ans. 16x2 _ Ans, P2=pg _PP-9_
32x2y - 2 p I3

Note the factorisation in the numerator !

Exercise 1 Questions 1 and 2 may now be attempted.

The following two examples could be used to illustrate the need for factorising the numerator
and/or denominator before cancelling.

Example 5 Simplify w21 Example 6 Simplify 2d2 +a -1
v—1 2a?% +5a -3
Ans. 2_-1 Ans. 2d2+a-1
v-1 2d2+ 503
= -+
v-1 - Qa-D@+1)
Qa—a+3)
= v+l
— (a+1)
(a+3)

Exercise 1 Question 3 may now be attempted.

B. Applying the four rules to algebraic fractions

The following eight examples can be used to illustrate the four rules. It may be that additional
examples will be required to be shown to the class in order to reinforce the method.

21 ... a2 b
Example 1 Simplify 3% Example 2 Simplify B ra
2 b
Ans. %X% Ans. %X a
_ 2 _ g
= 24 Y
_ L _
= 1 = a
contd.
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Example 3 Simplify 3 .6 Example4  Simplify 2. c
5 5 d d
Ans. 3 . 6 Ans. 2. ¢
5 5 a
32 - 2. d
=5 X 6 = % X -
= 1/2 (by cancelling) = ¢ (by cancelling)

Exercise 2 Questions 1 and 2 may now be attempted.

Example 5 Simplify Example 6

1
5

Ans. |- Ans.

Il
o0
~
p—
|9

Example 7 Simplify 4% + ;— Example 8

Ans. r . s Ans.

5 2
8 , 5s
= 0710
= 8r+5s

00—

Exercise 2 Questions 3 and 4 may now be attempted.

X+2 x—1
3t 77
Ans. X+ 2 x—1
3t 77
_ 4(x +2) + 3(x-1)

Example 9 Simplify

dx+8+3x -3
12

Tx+5
12

Exercise 2 Question S may now be attempted.

Simplify % - %

This example should be followed by the simplification of a 3
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3 5
= 10_9
15 15
= s
. . L_i
Simplify ” "
1_3
voow
= W _ I
VW vw
- w-=3y
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x—1
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C. Changing the subject of a formula
It should be emphasised that ALL WORKING and ALL STEPS should be shown.

The following examples could be used to introduce changing the subject of a formula. The

examples are a mixture of ‘change side, change sign’, cross multiplication, dividing and finding
the square root.

The examples are a mixture of ‘change side, change sign’, cross multiplication, dividing and
finding the square root.

Example 1 Change x+3=m to x. Example 2 Change 9/p=p to b
Ans. x+3=m Ans. 4/p=p
x=m-3 bp =a (cross x)
b = a/p
Example 3 Change ax—-c=d to x. Example 4 Change A =nd? to d
Ans. ax-c=d Ans. A= md?
ax=d+c md? = A
- 2 = A
o d+c d [
a d= p T

\/

Question 6 of Exercise 3 provides 6 harder examples, this example could be used as extension:

Example: Change y= V;Z to z.
Ans. y =3
Yy = v—-2

y+z=v

Zy+1) =v
yF 1

Exercise 3 may now be attempted.

D. Simplifying surds

Irrational numbers could be introduced by first revising sets of numbers. E.g.
Real nos. - all the numbers which can be represented on a number line.
Wholenos. 0,1, 2,3,4,5,6, ...

Integers -3,-2,-1,0,1, 2, 3, 4, ...

Rational nos. 8, -2, 1/2, -3/4 etc. numbers which can be expressed as a fraction.

Then explaining that numbers like V2, V3, .... cannot be expressed as a fraction, therefore
these are irrational.

contd.
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A SURD is a special kind of irrational number. It is a square root, a cube root, etc. which
cannot be expressed as a rational number.

V2, V35, 3V10 are all surds, whereas V25 and 3v8 are not surds as V25 = 5 and 3V8 = 2.

The following examples could be used to show students how to simplify surds:
Example 1 Express V18 in its simplest form.

Ans. V18 = V(9x2) = V2 Explain why V18 =v(6 x 3) is not used.

Largest square number which divides into 18

Example 2 Simplify V8 + 5v2
Ans.  VB+5V2 = V(dx2)+ V2 = 22+ 5V2 = V2

Exercise 4 may now be attempted.

Example 3 Simplify V6 x V6 Example 4  Simplify 2V3 x 5V6
Ans. V6xV6 = V36 = 6 Ans. 2V3 x 5V6
= 10V18
Example 5 Simplify V3(4 —5V3) = 10v(9x2)
Ans. V3(4 - 5V3) = 10x3V2
= 43— 5V3V3 = 30V2
= 4V3 - (5x3)
= 4/3 15

Exercise S may now be attempted.
E. Rationalising a surd denominator

Students should be reminded of the difference between a numerator and a denominator and an
explanation given of what rationalising a denominator means.

Example 1 Express %with a rational denominator.

Ans. \1/_2 can be multiplied by 1, without changing its value.
6
The number ‘1’ can be written here as \\f_g

So % X \/_g will have the same value as %but will be written differently.
12 V6 - 12V6  _ v

V6 V6 6

Example 2 Express \/ % with a rational denominator.

Ans. 9 _ 3 _ 3 Y10 _ 310
ns \/10 V10~ Y10 * V10 10

Exercise 6 Q1 and Q2 may now be attempted.
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Exercise 6 Q3 contains eight examples appropriate to grades A/B.

Example 3 Express 3 +1 73 with a rational denominator.

Ans. Here, multiply by 2-V3 {0 rationalise the denominator.

So, 1 2-V3 = 2-V3 =2_v3
2+V3 X 2-V3 4_3 —

*

Notice - no V term in denominator

Exercise 6 Q3 may be attempted now (for extension to grades A/B).

F. Simplify expressions using the laws of indices

Basically, there are 6 rules for the students to learn. They should be lead through them, doing
examples of each type, before attempting Exercise 10, containing miscellaneous examples.

The rules are:

Rule 1 a™m x g = gintn Rule 4 a

Rule 2 a™ = g" = gm-n Rule 5 a-m = l/gm
Rule 3 (am)n = gmn Rule 6 qm/n = n‘/am
Examples

Rule 1

37534 = 37+4 = 311

4x2 x 5x5 = 20x2+5 = 2047

Rule 2 Rule 3
37:34 = 37-4 = 33 (63)5 = 63x5 = 615
6a8 ~3a0 = 2a8-6 = 242 (x2y3)4 = x2x4y3x4 = x8y12

Exercise 7 may now be attempted.

Rule 4 Rule 5 —Ve power = 1/+V€ power
(Any number)0 = 1 32 = l/30 = lyg
(10246)0 = 1 43 =41/ 3 = 43

a@-a?) =a32-a3H4 =dd-al =a5-1/,

Exercise 8 may now be attempted.
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Rule 6
35 = 5,3 3yw2 = w2/3 25-112 = 1p512= 1555 =15

Exercise 9 may now be attempted.

Exercise 10, containing Miscellaneous Examples, comes next, there are examples in this
exercise which are appropriate to grades A/B.

Example 1 Example 2
(@133 = a1 = 1, 834 = oy—1/4 — 434 ~(=1/4) — 4l = 4
Example 3

If m = 64, find the value of 2m?2/3 .

Ans. 2m23 = 2(6423) = 2[3V(64)2] = 2(42) = 2x 16 = 32

Example 4
Express with positive indices:  (p#/3)~3/4
Ans. (pH3)-314 = p43x-3l4 = -1 = l/p
Example 5
-3 3 _ -3+3
Simplify :- x—xlx Ans. X0 x X - xl — = - i - X

Exercise 10 may now be attempted.

The idea in Exercise 11 is to express the numerator in index form.

[lustrate by two examples on the board

Example 1 9 - 9x 1/x3 = 0x3
x3

Example2 _9_ = 9  _ gl
4Vx 4x172 7

Exercise 11 may now be attempted. *This exercise is appropriate to grades A/B

The checkup exercise may then also be attempted.
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QUADRATIC FUNCTIONS v A
A. Quadratic graphs y

Students should be made aware 24 A >
of the importance of recognising 2.4 X
the basic parabolas associated with (1,-1)

y=x?and y = —x2.

From this, develop with the students (LD (2.-4)
the graphs associated with :— D >x ’

y=2x%y=3x%y="1w%,

y = —2x2, y = —3x2, y= /%2 | etc., y = —x?
by plotting 2 or 3 points on the graph and drawing a smooth parabola shape through them.
Students should then be encouraged to develop further the idea of graphing the functions
y=x*%1,y=x>% 2, etc., by ‘moving’ the basic parabola y = x> up or down.

Similar development of y = —x?+ 1, y = —x?>+ 2, etc. should then follow.
A class set of graphic calculators could be used to allow students to investigate the

transformation of quadratic graphs.

Exercise 1 may now be attempted.

B. Turning points - their nature 2

Go over the idea of moving
the turning point away from
the origin to a point (a,b).

y=x
becomes | y—b = (x—a)? (a,b)
- >
= y=@x-a)?+b X X
Similarly, y=—x? =>y-b=—(x—a)? => y=—(x—a)*+b.
Example 1 Example 2
Y\A Y A
(2,3)
y=—(x-2)*+3
T
X
y=@x-42%+1

Exercise 2 may now be attempted.
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C. Solving quadratic equations graphically

The difference between a ‘quadratic equation’ and a ‘quadratic expression’ should be explained

to students. The ‘roots’ of a quadratic equation should be defined graphically. Again, graphic

calculators provide an efficient means of reinforcing the teaching of this topic, as many will not

only draw the functions but also show a table of values.

Y A
Example 1
y=x>—4x-5
Roots (from graph) are at
x=-1,5
-1 5 x
Example 2
y=x*+2x-8 v A
then draw parabola (or pick out roots from table)
X —5—4—3—2—10123'
y 70—5—8—9—8—507| » 5

=V

Exercise 3 may now be attempted.

D. Solving quadratic equations algebraically
Factorisation should be revised:

(a) Common factors x%-3x, 8x2+ 12x , etc.
(a) Difference of 2 squares x> — 4, 4x2 - 25, etc.
(a) Trinomials X2+6x+8, x2—x-—12, etc.

Students should then be shown how to use factorisation to solve quadratic equations (up to
simple trinomals with 1x? at most in the trinomial).

Examples:

2x2—6x =0 x2-9 =0 xX2-2x-15=0

2x(x-3)=0 x-3)x+3)=0 x=-5x+3)=0
=2x=0o0rx-3=0 x-3=0o0rx+3=0 x=5=0o0rx+3=0
=> x=0o0r3 x=3or-3 x=5o0r-3

Exercise 4 Questions 1-3 may now be attempted.
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Factorisation of trinomial quadratic equation of the form:

ax*+ bx+c¢=0
The same technique as in (Maths 1 Int 2) should be used.
Examples
2x2+9x-5=0 12x°+x-6=0
2x-Dx+5)=0 Bx-2)(4x+3)=0
2x—1=0o0rx+5=0 3x-2=0o0r4x+3=0
2x =lorx+5=0 3x =2ordx=-3
x=Y20r-5 x =23 0r-3/4

Examples of quadratics not in the form ax’ +bx+c=0.

x(x-5=14 2x-1Dx+3)=15
x2—5x =14 2x2—x+6x-3=15
¥-5x-14=0 2x*+5x-18=0
(x—T)(x+2)=0 2x+9x-2)=0
x=7or-2 x=="lor2

Exercise 4 Questions 3, 4 may now be attempted.

E. Quadratic formula

Teachers/lecturers may wish to go through the proof of the quadratic formula.

Proof
ax*+bx+c=0
b c
X2+ —x+ — =0
a a
b c
X2+ —x=-—
a a
. b b_z b_z ¢
Y T4 T a T
iz b* - 4ac
(x + 2a) T 44?
i i\/bzi4ac
Xt 04T 2a
i_b \b? - 4dac
=04 " 2a
ibi\/bzi4ac
X =
2a

Mathematics Support Materials: Mathematics 3 (Int 2) — Staff Notes
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Example 1 Solve x*—8x+12=0

Method 1  factorising Method 2 quadratic formula
—> (x-6)(x+2)=0 +b = \b* +4ac
x=-2o0r6 = 2a
8+ 164 -48
X=—",7
2
8+4 6 5
x="—, " =6or-

Example 2 Solve 3x%+2x—-6=0

Method 1 — Does not work! Method 2 D +Jd+72
X=T e

+2 ++/76

X=T e

x=1-12 or -1-79

Students should be made aware of the following possible errors when using the formula.
(i) make certain to assign a, b, c the correct sign

(i) the-b

(iii) the effect of a negative value for c on b2 —4ac

(iv) pressing ‘=" on calculator before doing final division or calculation.

Exercise 5 may now be attempted.

The checkup exercise may also be attempted.
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FURTHER TRIGONOMETRY
A. Basic sine, cosine and tangent graphs

Exercise 1 provides step by step instructions for the graphs of y = sinx, y = cosx and y = tanx
to be drawn by hand. Access to graphic calculators may mean that staff wish to omit this
exercise and use the graphic calculators to remind students of the graphs.

B. Sketching trigonometric graphs

Students should be encouraged to memorise sketches of these 3 functions as shown on page
26.

Students should then investigate the effect:
(1) ‘a’ hasin y=asinx°, y=acosx’ and y = a tanx®
(encourage them to sketch the sine, cosine or tangent graph as appropriate and
then fill in the scales on the axes).
(i1) ‘b’ has in y = sin(bx), y = cos(bx), y = tan(bx)

360 360 180

i.e. period becomes b b and b

A variety of examples should be discussed, such as:

y =20sinx, y =cos3x, y=tan2x, y = 2-5sin3x, y = —0-8cosdx

(a) Students must be able to recognise the Yy A

function from a given graph. 7 /‘\
4

D |
/ 5 Wgoo X
y = 7sin 2x -7

(b) Students must be able to sketch the

graph given the function. y A
1-8
> \ /
y = 1-8cos 4x ad 15 %0° T
-1-8

Exercise 2A may now be attempted.
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Students should investigate graphs of the form y A

y=sin(x —c),y=cos(x—c) andy=tan(x —c) /\
and conclude that ¢ ‘slides’ the basic CurVeby/' 20 \/ s

¢’ horizontally.
i.e. y=sin(x —20) slides 20° right e

y = 10cos(x + 10) slides 10° left \ h /
y
y

L
X

Students should also be shown how to sketch curves such as:

y = 15sin(x + 25)° \

and y=0-6cos(x—15)°

I

= 15 sin(x + 25)°
\/ '

st | Aan*
T(an)+| C(os)*

25

Exercise 2B may now be attempted.

Solving trigonometric equations

The graphs of y = sinx, y = cosx and y = tanx can be used
to build up the mnenomics for solving equations.

180 — x
|
180 + x | 360 — x
Examples with positive values
sinx = 0-407 5cosx® =4 2tanx® -3 =0
x=24°or (180 —24) cosx® =*5 = 0-8 2tanx® =3
= 24°or 156° x=136'9° or (360 — 36'9) tanx®° =32 =15
= 36:9° or 323-1° x = 56-3° or (180 + 56-3)
= 56-3° or 236:3°

Exercise 3, questions 1 and 2, may now be attempted.
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Examples with negative values.

Example 1
cos =—0-602 —>  rule (forget negative sign; look up inv cos 0-602 => 53°)
(use 53° to find the two correct answers)
(x=180-53 or 180 + 53)
(x=127° or 233°)
(score out the 53° — it is not in answer)

Example 2 Example 3
5sinx® = -3 4tanx° +3 =0
sinx = — 3/s Atanx® =-3
(If sinx = 3/5 => 36-9) tanx = — /4
x =180 + 369 or 360 — 369 (If tanx = 3/4 => 369)
x=2169° or 323-1° x =180 — 369 or 360 — 369

x=143-1° or 323-1°
Exercise 3, questions 3 to 5, may now be attempted.

D. Period of a trig function
y = 10sin3x goes through three complete cycles between 0° and 360°

360
=> Period = 3 = 120°
This could be illustrated with graphic calculators.

Example
10

y

/ : => Period of y = 10cos4x® is 360 +4 = 90°
45° :

Exercise 4 may now be attempted.

-10
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E. Trigonometric identities

The two standard identities could be developed using h
the triangle opposite. 0
x° /V
a
A.  sin’x +cos’x B. sinx _o a
(0\2 /a\z cosx h h
= — + 1! —
\n) "\n) _o A
o’ +a’ - a
G =9
n’ ‘
= " = tan x°
=1

Alternatively, a graphical approach can be taken using graphic calculators.
For example, draw y = (sinx)2 + (cosx)? and notice that it is the same graph as y = 1.

Similarly, draw y = sinx + cosx and notice that it is the same graph as y = tanx.

These identities should be learned. .2 e 2 _°
sin“x +cos"x =1

sin x

tanx = S
COS X

Example 1 Simplify 5sin® x°+ 5cos” x°

2 _o
Example 2 Prove that 1(_:# = 1
3sin“x° 3

Exercise S may now be attempted.

The checkup exercise may also be attempted.
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ALGEBRAIC OPERATIONS

By the end of this set of exercises, you should be able to

(a)
(b)
(©)
(d)
(e)
(H)

reduce an algebraic fraction to its simplest form
apply the four rules to algebraic fractions
change the subject of a formula

simplify surds

rationalise a surd denominator

simplify expressions using the laws of indices.
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ALGEBRAIC OPERATIONS

A. Reducing algebraic fractions to their simplest form

Exercise 1

1. Simplify these fractions:

6 3 21
a — b — c —
(a) 10 (b) 9 () >3
100 4a 2p
e — — —
(e) 200 ® 5 (€9) 3
rs ab a
i — j — k —
© rt 0 ac ®) ad
a’ 8z x’
m — n — 0 —
(m) 12 (n) 7 (0) .
5x7 3v 8xy
C) x () " (s) .
2pq 5b xyz
u — v — w -
() 6p v) 5 (W) -
5 8x° x+1)
v X 0 @ Ot
2pq 4xy (x+1)
2. Factorise either the numerator or the denominator, then simplify:
2x+8 3x+6 2x -8
a b c
(@) 2 (b) 5 (© 2
2 4 5
© 2ive O i ST
. X’ - . + vty
(i) = o o w®
X p v
3. Factorise the numerator and/or the denominator, then simplify:
2a+6 3c+9 d-2
a b c —
(@) a+3 ) c+3 (©) 3d-6
2x+2 3p+3 4 -4w
@ =2 i P (2)
S5x +5y Tp+7Tq I-w
x> -1 y* -9 a’-25
i j k
® x-1 0 y+3 ®© a-5
x* -1 3v* —5v-2 2y* +y-1
(m) — m TS5 (0 e
X +2x+1 v -4 2y" +5y-3
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(d)

(h)

M

(p)

Q)

(x)

(ab)

(d)

(h)

)

(d)

(h)

)

(p)

g+1

x> = xy
8x — 8y

w+10
w? =100

6x* —13x+6

3x* +10x -8



B. Multiplying, dividing, adding and subtracting algebraic fractions

Exercise 2

1. Simplify these fractions by multiplying:

EE R R S
(e)%xlz (f)%x3—93 (g)ﬁx—?
0 5 xg B 3 x4 (k) 2, o
(m) > x= () xx £ © & &
@ &x% (0 2+ () Ly L

2. Change these divisions to multiplications and simplify:

@i w3t @4

R A SECE S SCE o

0§35 oFp wges

(m)%2+7a[2 (@ﬁ*% (O)a%+%
@, d 2d2 . &

@ 5 *F W <s T

3. Do the following additions and subtractions:

@ L+ () L+2 ©3-1
@ 1-1 ® -+ ®Ll+1
ﬁ)%—% (ﬁ%+%- k) % +2
(m) £ -1 () 1 (0 &+ 4
(@ %r+;_ (r)i—%d (s) %}M%y
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W Lyl

RIS

O &y 2
o e
%
044
0 2+ F
O
w44
Q) C+%
(p) %—25_W
0 e



4. By finding a common denominator with letters, work out these additions/subtractions:

(@) 2 4+ 3 by 3 _ 2 44+ L @ L_2
Xy a b c d P q
2 42 1 _ 1 7 .1 1 _38

(e)v+w (f)g - (g)T+7 (h) — y

5. Add or subtract these fractions:

x+1  x+1 x+2  x-1 x+3  x+1 2x -3, x+1
(a)T + 5= (b)T+ z ©) =—F— +—F (d) i

(e)x+1 x+1 (f)x+2 x+1 (g)2x+1_x+1 (h) x+1 x—1

2 5

2 3

C. Changing the subject of a formula
Exercise 3A

This exercise has a mixed selection of formulae.
Change the subject of each formula to the letter shown in the brackets.
ALL WORKING and ALL STEPS SHOULD BE SHOWN.

1. x+2=c (x) 2. x-4=c () 3. x+p=q ()
4. x-p=q (x) 5. Yr=a (%) 6. Y7=a (x)

7. Xy=a (x) 8. Xp=m (x) 9. *Yr=s (x)

10. 4x=20 (x) 11. 4x=a (x) 12. gx=h (x)
13. nx=t (%) 14. 2x+1=5 (x) 15. 2x+1=b (x)
16. 2x+c=b (x) 17. ax+c=b (x) 18. px+g=r (x)
19. vx—-w=y (x) 200 D=SxT (S 21. C=ad (d)
22. x2=16 (x) 23. 2=y (x) 24. A=m? (1)
25. T=Dig (8 26. A=y2 (y) 27. P=3m? (m)
28. P=5m2 (r) 29. h—-p=q (h) 30. h—p=q (p)
31. 2h—-5p=q (h) 32. 2h-5p=q (p) 33. b—-c=ax (x)

Exercise 3B

1. Change the subject of each formula to A.
(@) g=hf (b) e=g+h (©) k:h/f(d) e=g-h

2. Change the subject of each formula to r.
@ Q=r2 (b) N =2 () M=2m? d) P=m2w
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. Change the subject of each formula to m.

(a) A=kim (b) B=Km (c) C=mmr? (d)

D=L

3pm

4. Change the subject to x.

(@) p=gq+x (b) r=s—x (c) r=s-5x (d) r=7x-3

(e) m=2(x+1) ) m=1x-5 (g n=lh(x+2) (h) p=1hx+¢q)
5. Change the subject of the formula to the letter in brackets.

w
@ Plg=R ()  (b) 1=V/5 (s) © M=P/p2 (Q) (d) v= o
K
(e d== 0] H —=T (n (g R=—5 (9 () a?2+b2=c2 (a)
5f mn Os

6. Harder examples. Change the subject of the formula to the letter in brackets.

(a) A+d=V/T (T) b)) px+gx=r (x) (c) ax=bx+c (x)

_ r—=s _vV=w _

() m= ) @ x=m= w) (D) p=2r-1 ()
D. Simplifying surds
Exercise 4

1. Express each of the following in its simplest form:

(a) V8 (b) V12 (c) V27 (d) v20 (e) V50
(g) V18 (h) V24 (i) V200 Gy V5 (k) V45
(m) V300 (n) V147 (0) V54 (p) 7V8 (@ 5V32
2. Add or subtract the following:
(a) 3V2+5V2 (b) 6V5-5V5 (c) 8V10+5V10 (d)
(e) V6-3V6 ) V3+V3-3V3 (g) 5V7-8V7+3V7 (h)
3. Simplify:
(a) V8-V2 (b) V18 -V2 (c) V125+5V5 (d)
(e) V45 +v20 (f) V63 -v28 (g) V50 +V18 (h)
Exercise 5
1. Simplify:
(a) V3xV3 (b) V5xV5 () V6xV6 (d)
(e) VxxvVx ) V3xVv2 (g) V4xV5 (h)
(i) V2xVc G) VxxVy (k) vV2xV8 D
(m) V6xV3 (n) V20 x V10 (0) 3vV2xV2 (p)
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(f) V28
I V72
r) 6V40

9v20 - 9v20
10V2 + 10v3

V48 + V12
V72 -V32

V1xV1
V16 x Va
V2 x V32
3V2 x 2V3
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2. Multiply out the brackets:

(@) vV2(1 +V2) (b) V3(V2+1) () V5(V5+1)
@ vV7(1+V7) (e) V2(5-V2) ) V2(5-4V2)
(@) (V3+2)(3-1) ) V2-2)V2+1) (i) (V3+V2)V3-v2)
G) V5-V3)V5+V3) k) (V3 +V2)?2 1 5-V3)2
3. Ifa=1+v2andb=1-V2, simplify:
(a) 3a+3b (b) 2ab (c) a?+b2
4. Ifr=v5+v3ands=V5-V3, simplify:
(a) 2r-12s (b) Srs (c) r2—s?
5. A rectangle has sides of length (2V2 + 2) cm and (2V2 — 2) cm.
Calculate: W2 -2
(a) its area (b) the length of a diagonal
W2 +2

E. Rationalising a surd denominator

Exercise 6

1. Rationalise the denominators in the following and simplify where possible:

@ = o © = @

© = 0 2 © = n —

0 0 7% 0 0 3%

m) < o — © — »
2. Express each of the following in its simplest form with a rational denominator:

@ %‘ (®) % © ,\% @ \g © é M \%

3. Simplify the following by rationalising the denominator:

® 5o ® FE 9 55 @ Fo

© 2_3(3 ) \@f\ﬁ © ﬁ (h) ﬁ
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F. Simplifying expressions using the laws of indices

Exercise 7 ( Rule 1 aM x gl = gm+n ]

1. Use Rule 1 to write down the simplest form of the products in the following:

(a) 23x24 (b) 35x33 (c) 82x8
() adxa* f) b3xb3 (g c2xcd
1) v3x8 G) x2xxl0 k) w3xw
(m) f4xf7 (m) gl0xgl0 (0) kxkll

(Rule 2 am - qnt =qm—n ]

(d) 1010 x 1020
(h) a5 x dd
D zx2

(p) ml00xm

2. Use Rule 2 to write down the simplest form of the quotients in the following:

(a) 24+23 (b) 35:33 (c) 8 +82
(&) a+af (0 b5+ b3 () et
() v12.yll (G) x10+x2 k) wd-w
(m) f7+f4 (n) g!0+ g0 (0 Kk
(@ X2 (1) (s) &
x2 m2 a
{ Rule 3 (am)n = gmn ]
3. Simplify these. For example, (a3)* = al2.
() (2 (®) 63 ONEE
© (@7 ONCON @ (°
4. Express the following without brackets, writing answers in index form:
@ (%7 (b) (73 (© (©%*
e @07 ® 3%’ (® (997
5. Note(ab)m =ambpm Use this result to simplify:
(a) (ab)? (b) (cd)® (©) (210
6. Use the 3 rules learned so far to simplify the following:
(@) y3xy? (b) t4xt (c) x3+x2
(e) 3x2xx3 (f) x2x4x> (g) 2x2x 6x2
(i) 6x3 +2x G) x2(3 +x%) (k) x3(x3-4)
(m) (5y)2 (n) (mn2)8 (0) 2 xat
X
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(d) 1020 . 1010
(h) d&+dd
1) 2+z
() m!00 s m
) 2

8

d (g2)8
(h) (a3)7

(d) (83
(h) (25)°

(d) (2pg)?

) v +v
(h) 8x5 +2x2
M ()’

(p) 1/ x u?
u3



7. Find m. For example: if 2™ = 8, m = 3 since 23 =38,

(@ 2™=16 (b) 2M=32 (c) 4M=64

Exercise 8

Rule 4 a0 =1
( )

1. Write down the values of:

(a) 20 (b) 120 ) 0

[ Rule 5 a=" = 1,,m ]

2. Write the following with positive indices. For example: 275 = 1725,

(a) 372 (b) 57 © a™*
(e x-! () 3y-2 (g) xy-3
L1 . 6
€y ITS () C__3 (k) 2y_2
3. Express these in a form without indices:
(a) 59 (b) 7-1 (c) 373 (d) 82 (e) %
4. Simplify the following. For example: x—2 x x> = x —2+5 = x3,
(@) a2xa* (b) bOxb—4 (c) c1xe-l
) e ) g4+g* (© w3ewoS
i )1 G @H (k) (kim)D.
5. Express with positive indices:
(a) 42x4-5 (b) 62x673 (c) 27x22
(&) 3%x273 ® 98 (& (w3)2
, L 5 5
) 21_2 Q) 23_3 (k) oh
(m) Ek_ (n) Zm'
6. Multiply out the brackets:
(@) X2 +x72) (b) B3(x-x-2) (©) x3@*+x)
(e x(x2-x7) ) x=32-x) (&) 2x72(3-x3)

7. (a) Find the value of: 33,30, 3-2 31 3-3

(b) Write in the form 47 : /4, /16, /6.
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(d) 5™=625

(d) (32546)0

(d) b
(h) —

)

o (2)

(d) d=6xd®
(h) (x=2)3

(d) 43x52
1

0 ()7
1) 9s-1

(d x-1(x+x2)

(h) 3x2(2x —x—2)
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Exercise 9

( Rule 6 am/n = ny/m ]

1. Write these in root form. For example: x5 = SJ?
@ x O ow @ @ w @ D or?
2. Write these in index form. For example: Vx4 =x 4/5
@V o W @V @ © o ® Vu
s
3. Evaluate the following.  For example: 83 = /8 =(2)2=4
(@ 92  (b) 642 (c) 8 d 64>  (e) 1002 () 273
(g 92 (b 16* i) 492 () 162 (k) 273 () 252
: g (N o (L)
(m) 81* (n) 8I (0) \1) (p) \3)
4. Simplify:
@ (x') ®) (m'): © (') @ (n )
© (n7) ) (g) (2) (b) (h) (z’i)

Exercise 10

1. Simplify:
3 1 S 1
(@) a*xa’ (b) b*xb*
3 12
(e) e’ +e” ) (Zz)

2. Simplify:
(a) 2012 x 2q-1/2

(e) 4e32 +2¢172

(b) 3b23 x 4p1/3
(f) 8v34+2y-1

(k) W+uﬁ

Miscellaneous examples

©) 6¢12xcl2

4 ()
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(D@%f+ﬂ%

(d)

15z -1/3 + 157 -1/3

2432 x d-112



3. Multiply out the brackets:
(a) x1/2(x1/2 —x- 1/2) (b) x2/3(x4/3 + xl/S) (¢) x_3/5(x6/5 + x—1/5)

4. Evaluate the following forx=16and y =27 :
(a) 3x1/72 (b) 4x3/4 (c) 5y2/3 (d) 8y -2/3 (e) x -1/4 « y1/3

5. Simplify the following, expressing your answers with positive indices:
(a) p6 X p1/2 (b) pS +p_1/2 (c) (p2/3)—3/2 (d) (p—3/4)12
(e) 5p34+5p-34 (f) Tpl2x7p-3/2

6. Simplify:
1 3
xtxx” xxx’ X7 xx’ xtxx 4
(@) (b) = () 5 d —
X X x X
1 3 3 3
x 2 xx? x3xx
e —— ® —
X X
7. Multiply out the brackets:
@ (3-DE3-D ) ¢ +)E-2) (© 12+ d-12-4)
Exercise 11
Express the following with x in the numerator in index form:
1
"2 L
For example :- 2ﬁ = 21 = 2x = gx 2
Svx 5 5 5
Sx
Lo Lo Ly 2 s Le 2
X X X X 3x Sx
7. 2—32 8 % 9. % 10. i_S 11. ! - 12. 23
; ; N BN BN
m
a3 x a?
a
1
4x 2
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x—1/4 « 3/4
x—1/2
Checkup for algebraic operations

1. Factorise the numerator and/or denominator if possible, then simplify:

7v 9a2b 6 2 _
@ T4y ® 32 ©) Gr-T8 &) ==
3x+3 a-8 vZ+3v+2
© oy () (g) *HPEE
2. Simplify:
@ b 2 (b) a2  x_ © 22 .z d a , a
4 b X a 2 6 b b
© ¢ , c_ ® 3u  2v (® 3 , 1 hyx+1 x+2
4 8 4 5 k m
3. Change the subject of each formula to x.
(@A) 5+x=6 (b)) x—a=w (c) ax+m=p (d) X/;=Ply
€ N=2m2 (f) T=dx+3 (@) w=1/a0x +y) (h) M= 852
X
4. Express each of these in its simplest form:
(a) V32 (b) V1000 (c) 2V45 (d) V45 -v20
(e) V50-V18 ) V72 +V50 (2) % (h) 2v8-v2
a
5. Ifx=1+V3andy=1-V3, simplify:
(a) 2x+2y (b) 5xy (c) x2+y2
6. Rationalise the denominators in the following and simplify where possible:
@ s ® 82 © s (@ V2/ve
7. Write in their simplest form:
(a) 56x58 (b) x8 +x6 (©) (d) (a?)3
(e) (4a’b)? ® 2 @ (h) x3(x% - x)
8. Write with positive indices:
(@) 572 (b) ab=3 © (y=3)72 (d)
9. Write these in root form: 10. Write these in index form:
(a) 12 (b) 372 (a) 3yt ®

11. Evaluate:
(a) 36372 (b) 32-2/5 (c) (x®)172 (d) (y7/2) -2
(e) a=32(al2—a-372) (f) 2s1/2 + 45-1/2 )
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QUADRATIC FUNCTIONS

By the end of this unit, you should be able to:
(a) recognise quadratics of the form y =kx? and

y =(x+a)>+b;a,beZ, from their graphs

(b) identify the nature and coordinates of the turning points and the
equation of the axis of symmetry of a quadratic of the form

y =k(x +a)>+b; a,beZ, k==I

(¢) know the meaning of ‘root of an quadratic equation’ and solve a
quadratic equation graphically

(d) solve quadratic equations by factorisation

(e) solve quadratic equations by using the quadratic formula

Mathematics Support Materials: Mathematics 3 (Int 2) — Student Materials
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A. Recognising quadratics from their graphs

Exercise 1

1. Each of the following graphs represents a simple parabola of the form y = kx 2.

Find k each time and hence write down the equation representing each parabola.

(@)
Y A
(2,4)
(1,1)
>
X
) v A
>
(1,-2) X
(2,-8)

(b) (c)
Y A (2,8) Y A (4,8)
(1,2) (2,2)
> >
X X
© 5y 5y
> s
1,-12) X X
(1,-5)
(4,-8)
(2,-20)

2. Each of the following parabolas can be represented by the equation

y=x%>+bory=—x>+b, where b is an integer. Write down their equations.

(a)

y A/
0,1)
>

X

(0,3)

(b) (©) v A
Y A \
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(d)
Yy A

(0,4)

\

-
X

(e)

()
VA VA
(0,1) (0,-1)
/\\ > /
X

3. Each of the following parabolas can be represented by an equation of the form
y = (x + a)> + b, (Where a and b are integers). Write down the equation of each one.

=Y

(@ (b) ()
y A Ay y ?
d.D > >
g x (3.0)
(d) ©) ® v A
y
Y A *
.
> (-4,0) x
o (-5,-3)
(8) (h) (1)
A A "A
T
e
>
X
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B . The nature and coordinates of turning points y
Exercise 2

1. (a) Write down the coordinates of the minimum
turning point of this parabola.

(b) Write down the equation of the axis of symmetry.

(the dotted line).
(c) The equation of the parabola is of the form I -
y=(x+a)?+b. |
Find the values of a and b and hence write down the equation of the parabola.
2. For each of the following parabolas:
(1) write down the coordinates of its minimum turning point.
(i) write down the equation of its axis of symmetry.
(ii1) write down the equation of the function represented by the parabola.
a b ¢
(@) y (b) y ( y
A A A
> > >
X 4 X X
(d) (e) ®
y y Yy
A A A

3. Without making a sketch, write down the coordinates of the minimum turning points and
the equation of the axes of symmetry of these parabolas.

@y=@x-472+1 b)y=x-2)2+7 () y=(x—8)2+3
dy=@+1?*+2 () y=(x-1?*-3 0 y=(x+3?*-7
(g y=(x-5)? (h) y = (x +2)? (i) y=x2+3
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4. This parabola is of the form A Y
y=—(x+a)+b
(a) Write down the coordinates of the maximum
turning point.
(b) Write down the equation of the axes of symmetry.
(c) Find the values of a and b and hence write down the

19

equation of the function represented by the parabola. -
o
5. For each of the following parabolas:
(i) write down the coordinates of its maximum turning point.
(i) write down the equation of its axis of symmetry.
(i11) write down the equation of the function represented by the parabola.
(@) (b) (©)
Yy Yy Yy
A A A
/\ _ ~ _
X X
>
X
(d) (e) ()
Yy
A N Iy
>
N\ . . >
X / \ ; /‘\
6. Without a sketch, write down the coordinates of the maximum turning points and
the equation of the axes of symmetry of these parabolas.
@ y=—-(x-2)"+6 (b) y=-(x-57%+1 © y=-(x-6)*-2
d) y=-(+1*+7 € y=—(x+4)7>-5 H y=-(x+3)
(@ y=7-(-1)y> (h) y=1-(x-8) (i) y=-2-(@x+5)>
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C. Solve quadratic equations graphically

Exercise 3

1. Ineach of the following, the graph has been sketched for you.
Solve the quadratic equation associated with it.

a b c
(@) v A 2 (b) v A 2 (c) v A
y:x—2x—3 y=x—4x+3 y:x2_
-1 3 \1 3 2 2
> > >
N NV AUBZE
Solve x?—-2x-3=0 Solve x?—4x+3=0 Solve x?2-4=0
2. For the quadratic function — y=x?>—-x-2
(a) Copy and complete this table. A’
x 2 -1 0 1 2 3 |
y= X2—x-2 4 2 I >
(b) Draw a set of axes, plot the 6 points above and
draw a smooth (parabolic) curve through them.
(c) Use your graph to solve the quadratic equation,
X2—x-2=0 [i.e. find the 2 roots]
3. Solve each of the following quadratic equations by:
(1) completing the table
(ii) plotting the points and drawing the smooth parabola
(iii) reading off the roots from the graph.
(@) x2—4x =0 X -1 0 1 2 3 4 5
y =x2—4x 5 -3
(b) Yrx=-2=0 X -3 2 -1 0 1 2
y=x’+x-2 | 4 -2
(©) x-6x+8=0 X 0O 1 2 3 4 9
y=x*-6x+8]| 8
d) 6-x—x2=0 X -4 -3 -2 -1 0 1 2 3
y=6-x—-x> | -6 4
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(e) x2_4=0 X —3 —2 —1 O 1 2 3
y=x2—4 5 —4

(f) 5+4x—x2=0 X

y=5+4x—x?

D. Solve quadratic equations by factorising

Exercise 4

In this exercise you are going to solve quadratic equations by factorisation.

1. By considering a common factor, factorise and solve the following:

(@ x2-4x=0 (b) x2-10x=0 (c) 8x —x%(=0
(d x*+6x=0 ) xX*+x=0 f) x*>-x=0
(g) 2x2-6x=0 (h) 5x2+15x=0 () 12x2-18x=0

2. By considering the difference of 2 squares, factorise and solve the following
quadratic equations:

@ x2-4=0 b) x2-9=0 () x2-25=0
(d 16-x2=0 e) x2-100=0 ) x%2=49
(g) x* =81 (hy x2-9=0 (i) 25x2-16=0

3. Factorise the following trinomials and solve the quadratic equations:

(@ x2+3x+2=0 b) ¥2-5x+6=0 ) x2+6x+5=0
(d) x*-9x+20=0 ) xX*+7x+10=0 6 x*-6x+9=0
(g ¥*-7x+12=0 (hy x2-8x+7=0 () x*-13x+42=0
(G) x2+3x-10=0 k) x2-3x-4=0 M x2+2x-8=0
(m) x2-x-20=0 m) x*+x-12=0 (0) x*+2x-35=0
(p) X2+4x-12=0 (@ x*+3x-18=0 1) x2+21x+20=0
(s) ¥2-9x+8=0 t x2-10x-24=0 () x2+5x-24=0
(v) x*2-2x-24=0 (W) x2-23x-24=0 (x) x2-15x+54=0
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4. The following are harder and take a little longer to do.

Solve:
(@ 2x*+7x+3=0 (b) 2x2+5x+3=0 () 3x%2+7x+2=0
(d 2x2-9x+9=0 ) 3x2+11x+6=0 ) S5x2+11x+2=0
(g) 3x2-2x-8=0 (h) 3x2-5x-2=0 G 3x%+2x-1=0
G) 2x*-Tx-4=0 k) 5x2+13x-6=0 A 22+9%+10=0
5. Rearrange the following into quadratic equations of the form ax? + bx +c =0
and solve them:
(@ x(x+2)=3 (b) x(x-1)=20 (©) x(x-3)=10
d x(x-5=6 &) x(x+3)=70 ® x(x+1)=56
(g) b+ DHx+2)=12 (h) x—1Dx+2)=28 1) x+3)x-1)=5
G x=-Dx+1)=8 k) x=-2)x+2)=21 () x-2)x-3)=2
(m) 2x2+3x—-1=x2—x-4 (n) 3x%+5x—-8=2x2+2x+2
(0) 2x(x+2)=16 (p) x(2x-3)=20 (@ xBx-1)=10
(r) x(5x+2)=7 (s) 2x-Dx+3)=30 () x+1)Bx-2)=12
E. Solve quadratic equations using the formula b=+ \/m
Exercise 5 r= 24
1. Solve the following quadratic equations using
the formula, correct to 2 decimal places:
@ x2+4x+1=0 b) x2+3x+1=0 ) ¥2+6x+2=0
(d) x*+10x+7=0 () x*-4x+2=0 ) x*2-5x+5=0
(g 2x*+7x+2=0 (h) 3x24+10x+5=0 () 4x2-7x+2=0
2. Solve the following quadratic equations using the formula, correct to 3 decimal places:
(@ xX*+2x-2=0 b x*+x-5=0 © x*+3x-6=0
(d x2-2x-5=0 ) x2-3x-1=0 ) x*2+8x-2=0
() 2x2+3x-4=0 (h) 3x2-2x-2=0 () 8x2-3x-1=0
3. Rearrange the following and solve each equation giving the roots correct to 3 significant

figures (3 figures of accuracy):
@ x(x+5)=2 b) x(x-3)=1 () 2x(x+3)=5
(d) 3x(x-1)=10 e x+3)x+4)=7 ) x-17?=5
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Checkup for quadratic equations

1. Write down the equations of the quadratics corresponding to these parabolas:

(each one is of the form y = ke or y=(x+ a)2 +b)

(@) (b) (c) v A
y A y A (2’12)
(2.4) /\
>
(1,3) (-2 "
(1,1)
> >
% x o\(2,-4)
A
@ A (e) y (f)
y Y A
(3,2) (-2.2) >
> > o
X X
-1-4)

2. (1) Write down the coordinates of the turning point for each of the following, stating
whether it is a maximum or a minimum.

(i) Write down the equation of the axes of symmetry for each one.

(@) (b) ©
YA A A’
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3. Write down the coordinates of the turning point of each of the following.

State whether each is a maximum or a minimum.

Give also the equation of the axes of symmetry.

(@ y=@x-21>+5

(b) y=3(x+2)7>-1

4. Solve each of the following quadratic equations by

(1) completing the table.

() y=-=2(x-3)2+2

(i1) plotting the points and drawing the smooth parabola.
(iii) reading off the roots from the graph.

(@) x2-2x-8=0

b)x*+2x-3=0

5. Solve the following quadratic equations by factorising:

(@ x*-7x=0
d 6x2+9x=0
(g 4x2-9=0

G x&x+5=14

6. Solve the following quadratic equations using the formula.

X -3 2 -1 0 1 2 3 4
y=x>-2x-8| 7 -8
X -4 3 -2 -1 0 1 2
y=x*4+2x-3| ... ... -3
(b) x*-9=0 () x*+8x+12=0
() 25-x*=0 f x*>-x-30=0
(hy x>*-7x+10=0 () 2x*+7x-15=0
k) (x-Dx+2)=18 D (x-2)2=16
~b = ~b* - dac
X =
2a

(Give the answers correct to 2 decimal places):

(@ x2+6x+3=0

d 2+5x-2=0

(b) x¥*—4x+1=0
() x2—6x-4=0

) 3x2+10x+6=0
) 2x2-x-5=0

Mathematics Support Materials: Mathematics 3 (Int 2) — Student Materials

24



FURTHER TRIGONOMETRY

By the end of this set of exercises, you should be able to

(a)
(b)
(©)
(d)

(e

recognise the graphs of sine, cosine and tangent functions
sketch and identify other trigonometric functions
solve simple trigonometric equations (in degrees)

define the period of trigonometric functions, either from their graphs
or from their equations

simplify trigonometric expressions using sin” x + cos” x = 1

sin x
and tanx =

COS X
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A. Sine, cosine and tangent graphs
Exercise 1

You may have drawn the sine, cosine and tangent graphs as part of the introduction to
trigonometry in Maths 2 Intermediate 2. If you have retained the graphs, you may miss out
questions 1 to 3 of Exercise 1 below.

1. The Sine Graph
(a) Make a copy of this table and use your calculator to help fill it in, giving each
answer correct to 2 decimal places.
X 0 200 40°  60°  80° 90° 100° 120° 140° 160 180°
sinx® | 0-00 0-34 0-64 0-87 0-98 1-00

X 200° 220°  240° 260° 270° 280° 300° 320° 340° 360'

(b) Use a piece of 2 mm graph paper to draw a set of axes as illustrated below.

v A

1

=V

0 90 180 270 360

(c) Plot as accurately as possible the 21 points from your table.

(d) Join them up smoothly to create the graph of the function y = sin x°.
2. Repeat question 1 (a) to (d) for the function y = cos x°
3. Repeat for the graph of y = tan x° (a different scale will be required for the vertical axis).
4. Study your three graphs carefully. You should now be able to sketch the sine, cosine (and

tangent) graphs fairly quickly (about 30 seconds) indicating the main points where the
graphs cut the x and y axes and the general shape of each graph.

Try them now.
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Sketches of the three trigonometric graphs, for comparison:

v A
1

/\y= sinx®
P
90° 18R° 270° ° X
-1
A .
1 y = COSx
\ :
X 180° 270° 360° «x

Check your graphs are similar to those shown above.

B . Sketching and identifying trigonometric functions

Exercise 2A

1. Write down the equations of the trigonometric functions represented by the following

graphs:
(@)
v A
10
-10

©

90°  180°

270°

600
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(b)

(d)

v A Py =tanx ;
do° 180° x
vA
6\ /
|
> 180° 0° 360° x
-6
vA
0'8\ /
45° 90 %




A ® A

© A ®

O A 0)

Avinl

VUV

2. Make neat sketches of the following trigonometric functions, clearly indicating

(1) the shape of the graph (draw one ‘cycle’ of it only)

(i) the important values on the horizontal axis
(iii) the maximum and minimum values of the function.

cont’d
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(a) y=3sinx° (b) y=4cosx’® (¢) y=tan3x°

(d) y=10sin 3x° () y=12cos 2x° (f) y=0-7sin 4x°

(g) y=12cos 4x° (h) y=30sin 6x° (i) y=100cos 5x°

(G) y=-sinx° (k) y=—6sinl/px° 1) y=-20cos 3x°
3. Make neat sketches of the following over the given range of values:

(a) y=60sin 2x° 0<x=<360 (b) y=2-5cos 3x° 0=<x=<360

(¢) y=40sin 4x° 0<x=<180 (d) y=-2cos 6x° 0=<x=<180

(e) y=-15sin 8x° 0<x=<180 (f) y=1-8cos 30x° O<sx=<12

Exercise 2B

1. Write down the equations of the trigonometric functions in the form y =k sin(x —a)° or
y =k cos(x — a)° represented by the following graphs:

@ A ® A
5

i.&\ /
! 1 1 } > ! ] t t t ! 1
-30° 90° \ 180° 270 360° x -20 90° 180°/270° 360°
-5 -8

© vA
0-6
o | l | | > /\
10 90° 18X 270° 340° x — + + + -
,40° 90° 180°\ 270° 3 X
-5 ‘

4 \ § 5
; ) N o ; o ) . cl)> /\ " >
350 90°\ 180° 270 360° x e T e
—4 15

2. Make neat sketches of the following trigonometric functions, showing clearly:

>
X

©)

(1) where each graph cuts the x - axis.  (i1) the maximum and minimum values.

(a) y=10sin(x —15)° (b) y=1-4cos(x—20)° (¢) y=15sin(x + 10)°
(d) y=24cos(x+30)° (e) y=300sin(x — 80)° (f) y=tan(x-10)°
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C. Solving trigonometric equations S (in) | A (Il)

Exercise 3

1.

T (an)

C (0s)

Find the two solutions for each of the following in the range 0 < x < 360:
(Give each answer correct to the nearest whole degree).

(a) sinx°=0-500 (b) cosx®° =0-707 (¢c) tanx®=0-869
(d) cosx®=0-940 (e) tanx®=1-280 (f) sinx®°=0-574
(g) sinx® =0-990 (h) tanx°=6-314 (i) cosx®°=0-391
() cosx®=0-985 (k) sinx® =0-866 (1) tanx®=1-732

Rearrange each of the following and solve them in the range 0= x < 360.
(Give your answers correct to 1 decimal place).

(@) 2cosx°—=1=0 (b) Ssinx°-4=0 (¢) 10tanx°-7=0
(d) 1-3sinx°=0 (e) 5-6¢cosx°=0 (f) 3tanx°-5=0

Find the two solutions for each of the following in the range 0 < x < 360:
(Give each answer correct to the nearest whole degree).

(a) sinx®=-0-500 (b) cosx® =-0-707 (c) tanx®=-0-384
(d) cosx®=-0292 (e) tanx®=-1-000 (f) sinx® =-0-866
(9) tanx"=—4 (h) sinx®=—-0-174 (i) cosx® =—0-927

Rearrange each of the following and solve them in the range 0 = x < 360.
(Give your answers correct to 1 decimal place).

(a) 4sinx°+1=0 (b) 5Scosx°+3=0 (¢) 3tamx°+1=0
(d) 7+ 8cosx°=0 () 0-4sinx°+03=0 (f) Stanx°+8=0

Solve the following mixture of trigonometric equations in the range 0 < x < 360.
(Give your answers correct to 1 decimal place).

(a) sinx° =0-323 (b) cosx°=-09 (¢c) tanx®=0-678
(d) cosx®°=1/4 (e) sinx®°=-0-707 (H tanx°=-2

(g) sinx®=3/5 (h) cosx°=-0-111 (i) tanx®=5/g

(G) 8sinx°+5=0 (k) 6cosx°+3=0 I 1-5tanx® =0
(m) 20sinx°—-17=0 (n) 15-25cosx® =0 (o) 8tanx°+7=0
(p) Ssinx® + 3 =2sinx° + 5 (@) 7cosx°—1=cosx°+4

(r) 10tanx® + 8 = 3tanx® + 4 (s) 6sinx®+ 11 =3sinx® + 10
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D. The period of a trigonometric function
Exercise 4

1. Determine the period and the maximum and minimum values of these trig functions.

@ A ® v A

7 8 \ /
180° -
W .

(©) vA @ A

2. Determine the period and the maximum and minimum values of these trig functions.

(a) y=5sin2x° (b) y=3cos3x° (¢c) y=10tan4x°®
(d) y=22cos 2x° (e) y=30sin 6x° (f) y=-5c0s30x°
(g) y=50sin 90x° (h) y=—4cos 1/px° (i) y=18sin l/4x°
() vy =09cos 60x° (k) y=1/psin 5x° () y=3/4c08 9x°
(m) y=11sin 180x° (n) y=8sin 1-5x° (0) y=40cos 2-5x°

Mathematics Support Materials: Mathematics 3 (Int 2) — Student Materials 31



E. Trigonometric identities

Remember :- sin’x+cos’x=1; and tanx = S x
Exercise 5 cos X
1. Simplify the following using the above 2 identities:
(a) 2sin”x°+2cos” x° (b)  5cos” x°+ 5sin” x°
3sin x° 5sin x°
5 @
COSX 2Ccosx
2. Write down a simple expression, identical to:
(a) 1-sin®x° (b) 1-cos”x° (c) tanx°cosx® (d) smxo
CoS X
3. Simplify:
1-cos® x° 1 —sin® x° sin” x°
@ ——5 b)) ————= © T
sin” x 2cos” x CcOs™ x
1 in? o0 1 _ 2 o
@ —m € —21 ) tan® x°(1 - sin® x°)

cos x° 5sin x°

4. Prove the following trigonometric identities:

(a) 3-3sin’x°=3cos’ x° (b) 5-5cos’x° =5sin” x°
() ~1-cos®x® =sinx° (d) tanx°+1-sin® x° = sinx°
1-cos® x° 1 -sin* x°

= tan” x° ) =

(e

1 —sin* x°
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Checkup for further trigonometry

1. Make a sketch of the sine, cosine and tangent graphs, indicating all their main features.

2. Write down the equations of the trigonometric functions associated with the following
graphs:

P
° Ro° e \:‘y 90° x
-8 —0-7

600

<
I
-]
—
—
A
¥

3. Make neat sketches of the following, indicating all the main points and features:
(a) y=20sin 4x° 0=x=<90 (b) y=1-6c0s2x° 0 =x=2360
(¢) y=-8sin 8x° 0<x=<90 (d) y=tan2x° 0=<x=<90

4. Find the two solutions for each of the following in the range 0 < x < 360:
(Give your answers correct to 1 decimal place).

(a) sinx°=0911 (b) cosx® =0-444 (c) tanx°=3

(d) cosx® =-0-605 (e) tanx®=-0-8 (f) sinx®=-45

(g) 2sinx°-1=0 (h) 8cosx°+6=0 (i) 4tanx°-3=0

() 3cosx®-2=0 (k) 1+4sinx°=0 (1) Stanx® = 3tanx® -2
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5. What are the periods of the following trigonometric graphs and functions?

a b
(a) A (b) ,
|
60\/ x 180° 3607
-6 _7
© @ A [
A T |
N i ) i
1 1 >
v v \f 2DO 400 : *
SE i ;
(e) y=10sin 10x° (f) y=2-3cos 30x°
(g) y=-4sin9x° (h) y=>5tan 4x°
6. (a) Simplify: (i) 6-6sin®x° (i) ——
sinx
2 .o
(b) Prove these identities - (i) I.C# =1 (i) (1-sinx®)(1+sinx°) = cos” x°
sin” x

7. Write down the equations of the following trigonometric graphs:

@ A

1\

345°

-15°

>

(b)
3-6

AN

360° x

w

=l
<+

-3-6

8. Sketch the following trigonometric graphs, indicating their main features:

(a) y=18cos(x + 30)° 0=<x =360 (b) y=2sin(x - 10)° 0=<x =360
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SPECIMEN ASSESSMENT QUESTIONS

1.

Factorise fully:
2 4a -8 3 w2 — 25 az—2a-3
@@ 12Xy (p) © 22=r1 () ) &—2a-5
18xy3 2 p w—3 a’+2a+1
Simplify:

2 c 2 5 S5t t
(a)%xi—? (b) o+ 2 (c)7+% @ -5 (il 23

Change the subject of each formula to the letter in the bracket:

@ p-2q=r [p] ® aw+g=h W] © + =7 [ @ Yam+n)=V [m]

Express each of these in its simplest form:

(a) V28 (b) 3V12 (©) \/% (d) SVI8 V32
Rationalise the denominators and simplify:

@ Oys  ® Y12 © 4

Simplify, giving answers with positive indices:

(a) b3 + b3 (b) (w3)—2 (©) a? x3a4 (d) pl2x3p=32 (e) v3(v2 ; v=3)
(f) 8x1/2 + 4x52 a v
Evaluate the following for v=4 and w = 8:

(a) 10v172 (b) 2w2/3 (c) =112 &+ y-1/3

Write down the equation of the quadratic functions corresponding to each of the
following parabolas: (each is of the form y = kx2 or y = =(x + a)2 + b).

(a) (b) Y A
Y A
(-2,16)
-
(1’_5) X
(1,4)
>
X (2,-20)
cont’d ...
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(c) v A (d) y A
(_2’5)

\ > >
X

N_ / \ x
(31

9. Write down the coordinates of the turning point of each of the following, state whether
each is a maximum or minimum and give the equation of the axis of symmetry.

@ y=@-22+7 (b) y=-(x+1)?-3
10. (a) Complete the following table for the function, y=x2-x—12.
X 4 3 -2 -1 0 1 2 3 4 5 6
y=x-x-12 8 cer e, =10 L0 L. L. 6

(b) Plot the points and sketch the parabola.

(c) Write down the roots of the quadratic equation x2—-x—12=0

11. Solve the following quadratic equations by factorising:

(@) 2x2-6x=0 (b) x2-16=0 © xX2+7x+10=0

(d x2-2x-15=0 e) x(x—-2)=24 ) -1Dx+2)=28
12. Solve the following, correct to 2 decimal places,

using the quadratic formula: By Vb* — dac

(@) X2+5x+1=0 (b) x2-2x-7=0 = 2a

() 3x2+x-1=0

13. Write down the equations of the trigonometric functions associated with these graphs:

@ A ® A

25 02 \ /
- -
\/zm x 30° 60°  x
25 ~0-2

cont’d
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© LA (@ A

3v20° * :
2 i5° 30°

[u—y

14. Sketch the following trigonometric graphs, indicating all the main features and points:

(@ y=11sin2x° 0=x=<360 (b) y=-5cos4x° 0=<x=<180

15. Find two solutions for each of the following trig equations in the range 0 < x =< 360.

(Give answers correct to 1 decimal place).
(a) sinx°=0412 (b) 8cosx°=5 (c) 10tanx°-7=0
(d) cos x°=-0-234 (e) tanx®°=-1 (f) 3sinx°+1=0

16. What are the periods of the following trigonometric functions:

(a) y=105sin 5x° (b)  y=-4cos?20x° (¢) y=tan3x°
17. (a) Simplify: sin2x° -1
2
(b) Prove the identity: IC—O,SZX = l tan® x
2-2sin"x 2

19. Sketch the graph of the function, y=0-7 cos(x — 10)° showing all the main points
and features.
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ANSWERS

Algebraic operations

Exercise 1

1. (@35 (b) 13
W G e
(@ 6 (1) Viw
) 5/2q (2) 2x/y

2. () X+4
®
)

3. (a 2
6 37

&) a+5

2x —
(p) 27

|H[\)
W)

Exercise 2

1. @ s () g

@) Clpg () Vlyw (k) :—j

@ Yd (@) x

2. (a) 1
@G) a
@ a

(b) /4
G) br3
(r) %s

3. @ "ha

® 114

2x + 3a
k) ==

Su — 4w
(p) 2

4. (a) 2y +3x
Xy

© 3 @3 (Vs (B Ys (@ 23 (b Yy
® Yg O Vp @% @38  (0)x ® a
(s) 2y ® 4%p (I3 V) p  (wy (x) 37
(aa) Yx+1) (ab) Vs
xX+2 _ x—2 1
(b) T (©) x 44 (,d) 2= (é) —3
€3] Y53 (h) Px 5 1 x-y 0 qg+1
M) 1-a
(b) 3 ©) 113 d g (e) s
(g) 4 (h) /g i) x+1 g) y-3
-1 3 1 1
O Uw-10) mIFT @357 © 353
© 1 (@2 (e) 2 3 (@ 7 (h) 163
2 2 2
M1 (m) ’16—0 (n) ’76— (0) ‘21_5 () 1
(s) a (t) a2
©l @l (@3 O (92 (h) 5
& 3 D1 m) ad () YUsyw (0) Vg (p)d¥/py
(b) /2 () 1l (d) 35 ) 25
(@ "ho (h) 310 (i) /g G Mo
(1) 2c+5d (m) 4_61:23_h (n) 2;"; (0) %fﬁ
(q) 8r + Ss (1) Sa —6d (s) 4x + 9y (®) 15)626 8u
5b-2a 4d + ¢ q-2p 2w + 2v
(b) 224 () e (d) - (e SR
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h—g Tn+k y—8x

(h =& e
5. () 5x+5 ®) 9x + 6 © 3x+7 @) 11x-4 © x+1

(f) 3x+8 (g) 3x+1 (hy 3x+7

—10 —a —10

Exercise 3A
I. x=c-2 2. x=c+4 3. x=q-p 4. x=q+p 5. x=2a
6. x=Ta 7. x=ya 8. x=mp 9. x=rs 10. x=35
11. x=9/4 12. x="ig 13. x=1/p 14. x=2 15. x = ig—l
16. x=25< 17. x= 225 15 x= =L 9. x=7 20, 5=Drp
21. d=C/, 22. x=4or—4 23. x=Vyor—Vy 24. r=V@A/p 25. S=D/T
26. y=VA (or VA) 27. n=P3,2  28. r=v(P/5p) 29. h=qg+p 30. p=h-—g
3. h= AER 3 o g3 o LS
Exercise 3B
l. (@ h=8/f (b) h=e—g (¢) h=kf d) h=g-e
2. (@) r=VQ ® r=VWp (© r=VMnp @) r=VEimy)
3. () M=%k ® m=Bk (© m=Cm? (& m=13pp
4, () x=p—-gq (b) x=s-r (c) x=(S—I”)/5 (d) x=(r+3)/7

() x=M=2)p5 (f) x=2m+5 (g x=2n-2 (h) x=2p—¢q
5. (a P=0OR b s=1/ © 0=V&m) @ w=vZ

() f=¢/5d ® n=Kimr (@) s=V(loy) () a=V(c2-b?)
6. @ T=Vg+d) ) x="Ip+gq) © x=Ca-b) & x="Im+1)

© w=0=w/x 4 1) () r= 17
Exercise 4
1. (a) 2V2 (b) 2V3 (c) 3V3 (d) 2v5 (e) 5V2

) 2v7 (g) 3V2 (h) 2V6 (i) 10v2 () 5V3

k) 3V5 1) 6V2 (m) 10V3 (n) 7V3 (0) 3V6

(p) 14v2 Q) 20v2 (r) 12V10
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2. (a) 82 (b) V5 (c) 13V10 ) 0 (&) —2V6
f) =3 (2) 0 (h) 10v2 + 10V3 !!
3. (a) V2 (b) 2V2 (c) 10V5 d) 6V3 (e) 5V5
) V7 (2) 8V2 (h) 2v2
Exercise 5
. @3 ()5 ©) 6 ) 1 (e) x ) V6 (2 2V5 (h) 4Va
(i) V2o) () Y(xy) (k) 4 I 8 (m) 3V2 (n) 10V2 (o) 6 (p) 6V6
2. (a) V242 b) V6+vV3  (¢) 5+V5 d) V7 +7 () 5V2-2
f) 5V2-8  (g) 1+V3 (h) —V2 (i) 1 () 2
K 5+2V6 () 8—2VI5
3. (@) 6 (b) -2 (c) 6
4. (a) 4V3 (b) 10 (c) 4V15
5. (a) 4cm? (b) 2V6 cm
Exercise 6
1. @ V2 (b) V313 ORE ) V6/s © V17
) 2V5 (2) 2V3/3 (h) 3V5/5 (i) 10v2 () 2v3
(k) 2v6 M 3V3/10 m V%5 @ Y30 © V210 () V2
2. (a) 233 (b) V10p (c) V10s5 @ Vi1 e V155 () ‘/_@‘bﬂ
3. (a) V2+1 ) V7+ g () =V @) V5-1 (e) 6+3V3
) V3+v2  (2) V5-vV3  (h) 3V5+3V2
Exercise 7
L @27 ®3% (@©8 @100 @©d Hb (28 () dO
@ vl () 12 k) w4 @) z6 (m) AL () ¢g20 (o) k12 (p)m10l
2. @2 (132  (©8 (1010 (e) a ) b2 (@S (h 1
1 v () 8 k) w2 M z (m) f3 ()1 (0) k10 (p) m%
@ x* @®m (s) a* ® r
3. @x0 Yy (© ZI0 @ g% () a?! ) b1 (g) 30 (h) 42!
4. (a) 210 (b) 715 () 620 (d) 815 (e) 249  (f) 3!2 (g) 910 (h) 2
5. (@) a3b3 (b) c0d® (c) x20y10 (d) 4p24?
6. (@ yS ()5 © X3 @ ()35 4T (g) 124
(h) 4x3 (i) 3x2 (G) x5 +x6 (k) x6—4x3 M) u™v?  (m) 25y2
(n) m8nl6 (0) x (p) ud
7. (@) m=4 (b) m=5 ) m=3 d) m=4
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Exercise 8

1. (@1 (b) 1 © 1 @ 1

2. @132 ) Us7T © Ut @ @l ®3hH2 (@ % h) L3
i » () 6¢3 k) Vay2 Dlga3d

3. (a1 ® 17 © 1 @ Yes (o) 8 () %4

4. (a) a2 (b) b2 () c2 (@1 (e) & ® g8 (g w2 (h) x©
@ y2 () 2zl (k) 1

5. @ e ©25 @ 2543 (o813 (f1 (& wé (b x
H4 M ®2 0% M ok @) and

6. (a) x7+x3 (b) x*—x (c) x+x—2 (d) 1+x (e) x3—x-6
) 2x35-1  (g) 6x2-2x (h) 6x3-3

7. (a) 27, 1, g, 3, l/p7 (b) 4-1, 42, 43

Exercise 9

1. (@ 4x3 b) Vm3 (¢) 3Vr2 () vw () 3Vn () LBV

2. (a) X33 (b) bH3  (c) 23 d wld  (e) x-13 (f) ul2

3. (a) 3 (b) 8 (c) 2 (d) 4 (e) 10 ) 3 (g) 27 (h) 8
(i) 343 (j) /a4 & 13 @125 (m)27 () 127 (o) 2 (p) 1732

4. (@ x2 (b)) m3  (c) * (d) n3  (e) n-12 ) g2 (g) b
(h) 22 3G x5 () x? (k) 13 (1) 6

Exercise 10

1. (@ a2 (b)b (© 1 (d) d? (e) ¥ () z (g wl (b1

2. (a) 4 (b) 126 (c) 6¢ (d) 2d  (e) 2e f) 4v (g) 1

3. (@) x—1 (b) x2+x (c) x3/5 4 x—4/5

4. (@ 12 (b) 32  (c) 45 ) 89  (e) 3

5. (a) p13/2 (b) p11/2 (c) l/p (d) l/p9 (e) p3/2 ) 49/p

6. (a) 1 b) x6 () x (d) x-92 e) 1 ) x

7. (@) 2-x3-1/3 b 1/2-4 (c) —4x1/2 4 4/,172 _ 15

Exercise 11

1. x-1 2. x2 3. Tx 2 4. 5x3 5. izl 6. Ysxl 7. 3x2

8. x~112 9 5/,x-1/210. 3/5x3 11. 23 120 5 5

V3 V5
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Checkup for algebraic operations

L@l ®3 ©la-3 @v-w ©pgid O Ua+s
(2 O+ Dy _9)
2. (a) b2y (b) a ¢ 3z () a (e) 3¢/g ) (15u—8v)/y
(g) Gm+ K/, (hy Bx+ Dy
3. (a) x=1 (b) x=w+a ) x=p-m)y, (d) x =Dz,
@ x=V&p O x=T -3y () x=2w-y (h) x=V(C/gm)
4. (a) 42 (b) 10VI0 (c) 6V5 (d) V5 (e) 2vV2 (D) 11V2 (g) 3/a  (h) 3V2
5. (@4 (b)-10 (o) 8 6. @ VS5 (b)) 42 (© 35 () V3
7. @ 514 ) x2 () 6m* (@ ad (o) 16a%K2 (f) a* () 1 (h) x5 —x?
8. (@ 52 () 4’ (0) 0 (d) ()4
9. @ Vb (b) N3
10. (a) x43 (b) a3
11. (a) 216 (b) 4 © x* () 17 () Ug-ligt (f) Sp (g) x
Quadratic functions
Exercise 1
1. (@ y=x2 (b) y=2x2 (c) y=1/x?
(d) y=-2x2 (e) y=—l/x? () y=-5x2
2. (@) y=x2+1 (b) y=x2+3 (c) y=x2-2
(d y=-x2+4 () y=—x2+1 ) y=—x2-1
3. (@ y=(@x-1D2+1 (b) y=(x-22+3 () y=@x-3)?2
(d) y=(x+3)2+2 (e) y=(x+4)? ® y=(x+52-3
(g y=(x-32+2 (h) y=x-12-4 () y=(x+3)2-4
Exercise 2
1. @ 1) (b) x=2 € y=(x-22+1
2. @ (i) 3,22 (i) x=3 (i) y=@x-3)2+2
(b) 1) (1,-1) (i) x= (i) y=(x-12-1
© () (2,1) (i) x=-2 (i) y=@x+2)2+1
@ @) (3,1 (i) x=-— (i) y=@+3)2+1
e () (3.-2) (i) x=3 (i) y=(@x-3)2-2
@ () (1,-3) (i) x=-1 (i) y=@+1)2-3
3. (@ 4, 1);x=4 b)) 2,7);x=2 (©) (8,3);x=38
d 12);x=-1 (¢) (1,-3);x=1 ) 3,-7;x=-3
(g 5.0);x=5 (h) (-2,0;x=-2 ®» (0,3);x=0
Mathematics Support Materials: Mathematics 3 (Int 2) — Student Materials 43



4.
5.

(@)

(a)
(b)
©
(d
(e
()

(a)
(d)
€y

(2,6)

»H (G.2)
@ 4.1
»H 1.4
@ 3.1
@ 4,0
@» 3-D

2,6);x=2
1,7 ;x=-1
(L7 ;x=1

Exercise 3

1.
2.
3.

(a)

x=-1,3

(b)
(i)
(ii)
(i)
(ii)
(i)
(ii)

(a) 49 09 _25 _29 09 4

(a)
(d

0, 4
-3,2

Exercise 4

I.

(@)
(d)
(2
(a)
(d
(2

. (a)

(d)
(8)
()]

(m)
(p)
(s)

(v)

(a)
(d)
€y

=

= R R xR X

L | R [
|
OV}

]
[ RS I )
p—

[
w

(b)
(e
(h)

(b)
(b)

(b)
(e

(b)
(e)
(h)

(b)
(e)
(h)

(b)
(e)

(h)
(k)
(n)
()
®

(w)

(b)
(e)
(h)
(k)
(b)
(e
(h)
(k)
(n)
@
(®

(©)

(iii)
(iii)
(iii)
(iii)
(iii)
(iii)

S,1);x=5

(_49_5) s X = _4

@1;x=8

y=—(x-2)2+6
y=—(x-3)2+2
y=—x-4)2+1
y=—(x+12+4
y=—(x+3)2+1
y=—(x—4)>

y=—(x+3)2-1

() (6,-2);x=6
" (-3,0);x=-3
i) (5-2);x=-5

) x=2,-2
) x=-1,2
© 2,4

® 5,-1
(c) 0,8

® 0,1

(i) 0,3/
(c) 5,-5
® 7,-7

i s, -5
(c) -1,-5
(f) 3

1 6,7

QO 4,2
(o) 7,5
(r)y -1,-20
(uw) -8,3
x) 6,9

© -2,-113
) —2,-1/s
i -1,13
1) -2,-5
(c) 5,2
® 7,-8

i 2,4

O 1,4

(0) 2,4
r 1 —7/5
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Exercise 5

1. @ -027,-373 (b) —0-38, —2-62
d) -0-76, —9-24 (e) 3-41, 0-59
(g) —0-31, -3-19 (h) —0-61, —2-72

2. (@ 0732, 2732 (b) 1791, —2-791
(d) 3-449, —1-449 (e) 3-303, —0-303
(g) 0851, —2-351 (h) 1215, —-0-549

3. (a) 0372, -5-37 (b) 3-30, —0-303
d) 239, -1:39 (e) —0-807, —6-19

Checkup for quadratic equations

1. (@ y=x2 (b) y=3x2
d y=(x-32+2 e) y=@x+2)2+2

2. (a) minimumat (3,-1); x=3 (b)
(¢c) maximumat(2,1) ; x=2

3. (a) minimum at (21,5); x=21 (b)
(c) maximumat (3,2) ; x=3

4. (a) graphandx=4orx=-2 (b)
(a) 0,7 (b) 3,-3 (c) -2,-6 (d) 0, -3/
(@ 3 -h (2,5 i =532 (¢ 2,-7

6. (a) —0-55, -5-45 (b) 3-73, 0-27
(d) 0-37, -5-37 (e) 6:61, -0-61

(c)
®
()
(©)
®
)
(c)
(f)

—0-35, -5-65
362, 1-:38
1-39, 0-:36
1-372, —4-372
0-243, —8-243
0-588, —0-213
0-679, -3-68
3-24, —1-24

© y= —2y2
(H y=(r+12-4
minimum at (-1, 0) ; x=-1

minimum at (-2, -1) ; x=-2

graphand x =1 orx = -3
(e) 5,-5 (f) 6,-5
(k) 4, -5 @ 6,2
(c) -0-78, —2-55

(f) 1-85, -1-35
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Further trigonometry

Exercise 1

1. Check Graphs — see graphs at top of page 15 for comparison.

Exercise 2A

-3

1. (@) y=10sinx° (b) y=6cosx’ (¢) y=>5sin2x°
(d) y=0-8cos 4x° (e) y=20sin 2x° (f) y=280cos 2x°
(g) y=25sin 1/px° (h) y=-4sinx® (i) y=-50cos 3x°
() y=tan2x° (k) y=0-2cos /px° (1) y=15sin4x°
2. (a) (b) (©) A . ;
Ja) N/ 1)
180° 360° o

fa\

o N/
"

90° 180° X
07

€9 (h) (1)

y y y
) R / "’ T/\ N h /
| \/600 . W m
-100

0 () @

(d) (e) )
y
07

—6
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3. (a)

(d)

Exercise 2B

1. (a)
(©
(e)

2. (a)

(©)

©)

y (b) »
360° o
—60 2.5
y e v
ZT/\ AWA "
\ / 80° x
) -15
y = 5sin(x + 30)°
y = 5sin(x — 10)°
y = 4cos(x — 35)°
vA
10
-
15° X
10 \/
vA
15 /\
350°
=T \/ >
-15
vA
300
/\ 40 g,
80° x
-300 \/

(b)
(d)
()

(b)

(d)

()

360° x

y = 8cos(x + 20)°
y = 0-6sin(x — 40)°
y = 15sin(x + 70)° or y = 15cos(x — 20)°

AN/

>

a

1
i
i
2

0° \\/ 380°

X

Y
24,
; /
i >
30° \/ 330° x
2.4
/10° 190°

—_
mimrmimrm i memEe - ————
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Exercise 3

1. (@ 30,150 (b) 45, 315 (c) 41,221
(d) 20, 340 (e) 52,232 (f) 35,145
(g) 82,98 (h) 81, 261 (1) 67,293
Gy 10, 350 (k) 60, 120 1) 60, 240.
2. (a) 60,300 (b) 53:1o0r 1269 (¢) 350, 2150
(d) 19-5, 160-5 (e) 33-6, 3264 ® 59-0, 239-0.
3. (a) 210,330 (b) 135,225 (c) 159,339
(d) 107,253 (e) 135,315 () 240, 300
(g) 104, 284 (h) 190, 350 (i) 158, 202.
4. (a) 194-5, 3455 (b) 1269, 233-1 (c) 1616, 341-6
(d) 151-0, 209-0 (e) 228-6, 3114 (f) 122-0, 302-0.
5. (a) 188, 161-2 (b) 154-2, 205-8 (c) 341, 214-1
(d) 755, 284-5 (e) 225, 315 ) 1166, 296:6
(g) 369, 143-1 (h) 96-4, 2636 i) 32-0, 212-0
Gy 2187, 321-3 (k) 120, 240 I 11-3, 1913
(m) 582, 121-8 (n) 53-1, 3069 (o) 138-8, 318-8
(p) 41-8, 1382 (q) 336, 3264 (r) 150-3, 330-3
(s) 199-5, 340-5°.
Exercise 4
1.
Graph (a) (b) (©) (d) (e) () (2)
Period 180 60 90 36 180 120 360
Max/Min +7 +& +0-5 +25 +9 +6 +0-1
2. ]
Question | (a) (b) () (d) (e) () (2) (h)
Period 180 120 45 180 60 12 4 720
Max/Min +5 +3 +=10 +2-2 +30 +5 +50 +4
Question (1) () (k) 1) (m) (n) (0)
Period 1440 6 72 40 2 240 144
Max/Min +18 +0-9 +0-5 =+0-75 +11 +8 +40
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Exercise 5

1. (a) 2 (b) 5 (c) 3tanx (d) S/ptanx

2. (a)cos2x® (b) sin2x° (c) sinx®° (d) tanx®
3. (a)l (b) 1/ (c) tan2x° (d) cosx® (e) l/ssinx® (f) sin2x°
4. All proofs.

Checkup for further trigonometry

1. See sketches on page 15.
2. (a) y=38sin2x° (b) y=0-7cos4x’ (¢) y=-2-7sin3x° (d) y=tan3x®
3. (@ (b) y

A AN

-20

T VAV

-10

R ANANE

8 :
VAV
8 i i
4. (a) 656, 1144 (b) 63-6, 2964 (c) 71-6, 2516
(d 127-2, 232-8 (e) 141-3, 321-3 () 233-1, 3069
(g) 30, 150 (h) 138-6, 221:4 (i) 369, 2169
G) 482, 3118 (k) 194-5, 345-5 I 135, 315.
5. (a) 120° (b) 180° (c) 60° (d) 40°
(©) 36° ) 12° (2) 40° (h) 90°.
6. (a) (i) 6cos2x (i) ! (b) Proof.
tan x
7. (a) y=8sin(x+ 15)° (b) y =3-6¢cos(x —20)°
8. (a) (b)
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Specimen assessment questions

1.

~

10.

1.
12.
13.

14.

15.

16.

17.

(a) 2x
3y2

(a) 4
V3

(@) p=r+2q
(a) 2V7

(a) 2V5

(a) b2

(e) v—1/4
(a) 20

() y=4x2

(a) (2,7); minimum; x =2

(b) 2a-4 © p*-q

(b) _1
2a2¢ Pq

(b) w=(h—-g)la (c) 3Va

(b) 6V3 (©) 3/42

(b) V6 © (pVg)lq

) e © a3

(0 2/x2

(b) 8 (© 1

(b) y=-5x2 (0) y=(x-3)2-1

(c) 5g +3p

-3
d w+5 (e) Z_+1_
Ot 5 9
@ ©3x+9
(d) 4V—-n
(d) 11V2
) 3p

(d y=—(x+2)2+5

(b) (-1,-3); maximum; x =-1

(@
X 4 -3 2 -1 0 1 2 3 4 6
y=x*-x-12 8 0 -6 -10 -12 -12 -10 -6 O 18
(b) Graph
(c) x=-3or4
(@ 0,3 (b) 4,4 ¢ -2,-5 (@ 3,5 (¢ 4,6 () -6,5
(a) -0-21,-479 (b) 3-83,-1-83 (c) 0-43,-0-77

(a) y=25sin3x°

(c) y=-2sinl/px°

v A

11

(a)

(b) y=0-2cos 6x°
(d) y=tan6x°

(b) vA

-11

(a) 24-3°, 155-7°
d) 103-5°, 256:5°

(@) 72°

(a) —cos2x®

(b) 18°

AWAN.
VAAVAES

(b) 51-3°,308-7°
(e) 135°315°

(c) 60°

(b) Proof

5

AWA

VAN

(c) 35:0°,2150°
() 199-5°,340-5°
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18. y = 8sin(x — 25)°
19.
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